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Abstract 

We construct M = \ supersymmetric fractional branes on the Zg orientifold. Intersecting stacks 
of such branes are needed to build a supersymmetric standard model. If a, 6 are the stacks that 
generate the SU{'i)c and SU{2)l gauge particles, then, in order to obtain just the chiral spectrum of 
the (supersymmetric) standard model (with non-zero Yukawa couplings to the Higgs mutiplets), it is 
necessary that the number of intersections aohof the stacks a and h, and the number of intersections 
a o b' of a with the orientifold image h' of h satisfy (a o 6, a o b') = ±(2, 1) or ±(1, 2). It is also 
necessary that there is no matter in symmetric representations of the gauge group, and not too much 
matter in antisymmetric representations, on either stack. We provide a number of examples having 
these properties. Different lattices give different solutions and different physics. 
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1 Introduction 



One of the main phenomenological attractions of using D-branes is that they permit a "bottom-up" ap- 
proach to constructing the standard model from Type II string theory. Open strings that begin and end on 
a stack a of Na D-branes generate the gauge bosons of a (supersymmetric) U{Na) gauge theory living 
in the world volume of the D-branes. In the original bottom-up models ||T||21|HI31 a stack of D3-branes 
is placed at an orbifold T^/Z^r singularity and the standard model gauge group (possibly augmented 
by additional U{1) factors) is obtained by choosing a suitable embedding 70 of the action of the gener- 
ator 9 of the orbifold point group Zjv on the Chan-Paton indices of the D3-branes. Besides the gauge 
bosons, fermionic matter also survives the orbifold projection. So long as only D3-branes are retained, 
the fermion spectrum generally makes the non-abelian gauge symmetries anomalous, reflecting the fact 
that a general collection of D3-branes has uncancelled Ramond-Ramond (RR) tadpoles. The required 
cancellation is achieved by introducing D7-branes, which generate further gauge symmetries, and addi- 
tional fermions. When all tadpoles are cancelled, so are the gauge anomalies. However, we showed in an 
earlier paper 1 5 1 that all such models, whether utilising fixed points on an orbifold or an orientifold, have 
electroweak Higgs content that is non-minimal, both for the (non-supersymmetric) Standard Model or 
its supersymmetric extension, the MSSM. As a consequence there is a generic flavour changing neutral 
current (FCNC) problem in such models, and we conclude that such models are not realistic. (See, how- 
ever, 1 6 1, which argues that a supersymmetric, standard-like model with three Higgs doublets, derived 
from compactifying the Eg ® £"8 heterotic string on a Z3 orbifold, can circumvent the FCNC problem 
without an excessively heavy Higgs sector.) 

An alternative approach that also uses D-branes is "intersecting brane" model building |7|. In these 
models one starts with two stacks, a and b with Na = 3 and A*";, = 2, of D4-, D5- or D6-branes wrapping 
the three large spatial dimensions plus respectively 1-, 2- and 3-cycles of the six-dimensional internal 
space (typically a torus or a Calabi-Yau 3-fold) on which the theory is compactified. These generate 
the gauge group U{3) x U{2) B SU{3)c x SU{2)l, and the non-abelian component of the standard 
model gauge group is immediately assured. Further, (four-dimensional) fermions in bifundamental rep- 
resentations (Na,Nf,) = (3, 2) of the gauge group can arise at the multiple intersections of the two 
stacks. These are precisely the representations needed for the quark doublets Ql of the Standard Model. 
For D4- and D5-branes, to get chiral fermions the stacks must be at a singular point of the transverse 
space. In general, intersecting branes yield a non-supersymmetric spectrum, so that, to avoid the hierar- 
chy problem, the string scale associated with such models must be low, no more than a few TeV. Then, the 
high energy (Planck) scale associated with gravitation does not emerge naturally. Nevertheless, it seems 
that these problems can be surmounted |8, 9|, and indeed an attractive model having just the spectrum 
of the Standard Model has been constructed 1 10|. It uses D6-branes that wrap 3-cycles of an orientifold 

/Q, where Q. is the world-sheet parity operator. The advantage and, indeed, the necessity of using an 
orientifold stems from the fact that for every stack a, 6, ... there is an orientifold image a', 6', At inter- 
sections of a and h there are chiral fermions in the (3, 2) representation of U{3) xU (2), where the 3 has 
charge Qa = +1 with respect to the U{l)a in U (3) = SU (3)c x U and the 2 has charge Qb = —1 
with respect to the in U{2) = SU{2)l x U{l)h- However, at intersections of a and b' there are 

chiral fermions in the (3, 2) representation, where the 2 has U{l)b charge = +1. In the model of 
0^01, the number of intersections a o 6 of the stack a with bis 2, and the number of intersections a o 5' of 
the stack a with 6' is 1. Thus, as required for the Standard Model, there are 3 quark doublets. These have 
net U{l)a charge Qa = 6, and net U{l)b charge Qt = —3. Tadpole cancellation requires that overall 
both charges, sum to zero, so further fermions are essential, and indeed required by the Standard Model. 
6 quark-singlet states and belonging to the (1, 3) representation of U{1) x U (3), having a total 
of Qa = —6 are sufficient to ensure overall cancellation of Qa, and these arise from the intersections 
of a with other stacks c,d,... having just a single D6-brane. Similarly, 3 lepton doublets L, belonging 
to the (2, 1) representation of U{2) x U{1), having a total U{l)b charge of Qh = 3, are sufficient to 
ensure overall cancellation of Qh, and these arise from the intersections of b with other stacks having just 
a single D6-brane. In contrast, had we not used an orientifold, the requirement of 3 quark doublets would 
necessitate having the number of intersections aob = 3. This makes no difference to the charge Qa = 6 
carried by the quark doublets, but instead the U{l)f) charge carried by the quark doublets is Q^ = —9, 



which cannot be cancelled by just 3 lepton doublets L. Consequently, additional vector-like fermions are 
unavoidable unless the orientifold projection is available. This is why the orientifold is essential if we 
are to get just the matter content of the Standard Model or of the MSSM. 

Actually, an orientifold can allow the standard-model spectrum without vector-like matter even when 
a o 6 = 3 and a o 6' = ATI . This is because in orientifold models it is also possible to get chiral matter 
in the symmetric and/or antisymmetric representation of the relevant gauge group from open strings 
stretched between a stack and its orientifold image. Both representations have charge Q = 2 with 
respect to the relevant U{1). The antisymmetric (singlet) representation of U{2) can describe a lepton 
single state and 3 copies contribute = 6 units of [/(I);, charge. If there are also 3 lepton doublets 
L belonging to the bifundamental representation (2, 1) representation of C/(2) x each contributing 
Qf, = 1 as above, then the total contribution is Qfe = 9 which can be cancelled by 3 quark doublets 
Ql in the (3, 2) representation of t/(3) x U (2). Thus, as asserted, orientifold models can allow just the 
standard-model spectrum even when {a o b,ao I/) = (3, 0). 

Despite the attractiveness of the model in fl^, there remain serious problems in the absence of 
supersymmetry. A generic feature of intersecting brane models is that flavour changing neutral currents 
are generated by four-fermion operators induced by string instantons |12|. The severe experimental 
limits on these processes require that the string scale is rather high, of order 10^ TeV. This makes the 
fine tuning problem very severe, and the viability of such models highly questionable. Further, in non- 
supersymmetric theories, such as these, the cancellation of RR tadpoles does not ensure Neveu Schwarz- 
Neveu Schwarz (NSNS) tadpole cancellation. NSNS tadpoles are simply the first derivative of the scalar 
potential with respect to the scalar fields, specifically the complex structure and Kahler moduli and the 
dilaton. A non-vanishing derivative of the scalar potential signifies that such scalar fields are not even 
solutions of the equations of motion. Thus a particular consequence of the non-cancellation is that the 
complex structure moduli are unstable 1131 . One way to stabilise these moduli is for the D-branes to 
wrap an orbifold T^/P rather than a torus T^. The FCNC problem can be solved and the complex 
structure moduli stabilised when the theory is supersymmetric. First, a supersymmetric theory is not 
obliged to have the low string scale that led to problematic FCNCs induced by string instantons. Second, 
in a supersymmetric theory, RR tadpole cancellation ensures cancellation of the NSNS tadpoles fl4llT5l . 
An orientifold is then constructed by quotienting the orbifold with the world-sheet parity operator $7. (As 
explained above, an orientifold is necessary to allow the possibility of obtaining just the spectrum of the 
supersymmetric standard model.) 

Several attempts to construct the MSSM using D6-branes and a Z4, Z4XZ2 or Zg orientifold have 
been made |[l6l[nl[ill[l9l. The most successful attempt to date is the last of these |[l9l|20l, which uses 
D6-branes intersecting on a Zg orientifold to construct an = 1 supersymmetric standard-like model 
using 5 stacks of branes. We shall not discuss this beautiful model in any detail except to note that the 
intersection numbers for the stacks a, which generates the SU{3)c group, and b, which generates the 
SU{2)l, are (|a o 6|, |a o = (0, 3). In this case it is impossible to obtain lepton singlet states £^ as 
antisymmetric representations of U{2). Further, it was shown, quite generally, that it is impossible to 
find stacks a and 5 such that (|ao 6|, |ao 6' I) = (2, 1) or (1, 2). Thus, as explained above, it is impossible 
to obtain exactly the (supersymmetric) Standard Model spectrum. 

The question then arises as to whether the use of a different orientifold could circumvent this problem. 
In this paper we address this question for the Zg orientifold. We do not attempt to construct a standard(- 
like) MSSM. Instead, we merely see whether there are any stacks a, b that simultaneously satisfy the 
supersymmetry constraints, the absence of chiral matter in symmetric representations of the gauge groups 
(see below), which have not too much chiral matter in antisymmetric representations of the gauge groups 
(see below), and which have (|a o 6|, |a o b'\) = (2, 1) or (1, 2). We do not pursue the alternative that 
(|ao6|, |ao5'|) = (3, 0) or (0, 3), since such models, with 3 lepton singlet states arising on the U (2) stack, 
do not have the standard-model couplings of these states to the Higgs multiplet. With {Na, Nf,) = (3, 2) 
we explained above why (ao6, aob') = (2, 1) is sufficient to ensure that no vector-like matter is necessary 
to ensure that the net U{l)h charge Qi, is zero, and the same is obviously the true if {aob, aob') = (1, 2); 
it amounts to interchanging b and b'. Intersection numbers (a o 6, a o b') = (—2,-1) or (—1,-2) 
are equally acceptable, since negative intersection numbers correspond to opposite chiralities. Thus 
(a o 6, a o b') = (±2, ±1), where underlining signifies any permutation, is sufficient. For calculational 



purposes it is convenient to let either stack a or 6 generate the SU{?>)c gauge group, so that {Na, N^) = 
(3, 2). Interchanging a and b gives {ho a, ho a') = (—a o 6, a o h'). Thus the intersection numbers are 
generally required to satisfy (|a o 6|, |a o = (2, 1). If a o 6 and a oh' have the same sign, then Na = 
and Nf, = 2; otherwise Na = 2 and Nf, = 3. In what follows we parallel quite closely the treatment {19\ 
of Honecker & Ott for the Zq orientifold. 



2 The Z'g orbifold 

We assume, as is customary, that the torus factorises into three 2-tori x T2 x T^. The three 2-tori 
{k = 1, 2, 3) are parametrised by three complex coordinates z^. The action of the generator 9 of the 
point group Zg on the coordinates Zk is given by 

ezk = e^^'-'^Zk (1) 

where 

(^^1,^^2,1^3) = ^(1,2,-3) for Z'e (2) 

To calculate the number of independent bulk 3-cycles we need the Betti number &3(T^/Zg) which is the 
dimension of the third homology group i/3 of the space. Because of the duality of the homology and 
cohomology groups we can as well compute the number of independent invariant 3-forms. Then 

hz = h^= (3) 

p+q=3 

where h^''^ is the number of independent invariant p, q forms, /.e. with p holomorphic and q anti-holomorphic 
variables. For Zg, the invariant forms are dzi A dz2 A dz3, dzi A dz2 A dz-^ and their complex conjugates, 
so h^'^ = 1 = h^'^ and 6^'^ = 1 = 6^'^. Hence , the untwisted sector contributes 

6f(TVZ'g) = 4 (4) 

to the Betti number 

The point group action must be an automorphism of the lattice, so in we may take an SU{?>) 
lattice. Specifically we define the basis 1 -cycles in 2 by vri and 1x2 = e^'^/^-ni in and tts and 
7r4 = e*'^/'^7r3 in The orientation of tti 3 relative to the real and imaginary axes of 2 is arbitrary. 
Since 6 acts as a reflection in the lattice, with basis 1 -cycles vrs and vrg, is arbitrary. The point group 
action on the basis 1 -cycles is then 



Ott-^ = 714 — 
eTT5 = - 



T^2 


and 


9-K2 = TT2 — TTl 


(5) 


7r3 


and 


0714 = —T^S 


(6) 




and 


9tTq = -VTe 


(V) 



Now we construct a basis of invariant 3-cycles. With TTjj^fc = tTj iTj iTk where i = 1,2, j = 3,4, k = 
5, 6 we define the Zg invariant 3 -cycle 

pi = (i + e + + + + e^)TTi^3^5 

= 2{i + e + e^)7Ti,3,5 

= 2(7ri,3,5 + ^^2,3,5 + 7ri,4,5 " 27r2,4,5) (8) 

In the same way 



P2 = 2(1+9 + 9^)712,3,5 

= 2(-7ri_3^5 + 27r2,3,5 + 27ri^4^5 - 7r2,4,5) (9) 



and 



= 2( — 27ri,3,5 + 7r2,3,5 + ^1,4,5 + ^2,4,5) (10) 

= 92- P\ (11) 
Similarly, replacing tts — > vrg, we get 

P4 = 2(7ri^3^6 + 7r2,3,6 + 7ri,4,6 " 27r2,4,6) (12) 

P5 = 2(-7ri_3^6 + 2vr2,3,6 + 27ri^4^6 - 7r2,4,6) (13) 

P6 = 2(-27ri^3^6 + 7r2,3,6 + T^lA'o + '''"2,4,6) (14) 

= P5 - /54 (15) 

Thus we can use the four cycles pi, pz,Pi, Pe as the basis of the (untwisted) buUc 3-cycles, incidentally 
verifying The most general invariant bulk 3 -cycle is 

2{1 + 9 + 6"^) [{riiTTi + miTT2) (n27r3 + m27r4) (g) (n37r5 + m37r6)] 

= Aipi + A3P3 + ^4/04 + AePd (16) 

where (n^, m^) (/;: = 1, 2, 3) are the (coprime) wrapping numbers on the kth torus, and 

Ai = (nin2 + nim2 + 7711722)^3 (17) 
A3 = {mim2 + nim2 + min2)ns (18) 

A4 = {nin2 + 77 1 7772 + 7ni772)7773 (19) 
^6 = (77717772 + 77i 7772 + 777in2)7773 (20) 

The intersection number is defined as 

Ua ° Hfe = ^ o 1^^^ j (21) 

which gives 

Pio P3= = /)4 o (22) 

p^o p^ = -4, pi o p6 = 2 (23) 

P3° P4 = 2, P3° Pe = -4 (24) 

In general, if tt^ has wrapping numbers (77^, 777^) {k = 1, 2, 3), and vr;, has wrapping numbers (77^, 777^), 
then the intersection number of the orbifold-invariant 3-cycles Ua and lib generated from iTa and iTb is 

UaoUb = -4{AtAl - A'lA\) + 2{A'lA''e-A^eA\) + 2{A^3Al-AlAl)- 

- A{A-A'^,-A-Al) =F(^^,4) (25) 

which is always even. Here Ap {p = 1, 3, 4, 6) relate to Ha and are given by (Ell - (|20ll with the wrappmg 
numbers (77^, tti^), and similarly for the A^ which relate to life. 

Besides the (untwisted) bulk 3-cycles discussed above, there are also exceptional 3-cycles associated 
with (some of) the twisted sectors of the orbifold. They arise in twisted sectors in which there is a fixed 
torus, and consist of a collapsed 2-cycle at a fixed point times a 1 -cycle in the invariant plane. For the Zg 
orbifold the 6*^ and 6^ twisted sectors leave invariant, and the 0^ twisted sector leaves T2 invariant. 

In the 6*^ and 6^ twisted sectors, there is a Z3 symmetry which has nine fixed points at 

eij = -(ei + 62) -(es + 64) (26) 



where i,j = 0, 1,2 mod 3, ei and 62 = e*'^/^ei are the basis lattice vectors in Tf, and 63 and 64 = 
g«7r/3gg are the basis lattice vectors in Tl . The Zg generator 6* acts on the fixed points as 

e ^(ei + 62) = -^(ei + 62) (27) 
^|(e3 + e4) = |(e3 + e4) (28) 

Exceptional cycles in these sectors have the form Cij (n-sTTs + msTTg). The action of the point group is 
given by 

9 eij (g) (n37r5 + mavre) = eei^ej ^'(navrs + mavre) 

= e_ij O (-naTTs - mavrg) (29) 



Thus there are six invariant 3-cycIes in each 6*" (n = 2, 4) twisted sector. As a basis we may choose 

^f^ = (eg-eg)®-5, ^f^-(eS")-eg)®^6 (i = 0,l,2) (30) 



(n) 

where e - j is the collapsed 2-cycIe at the fixed point eij in the 9^ twisted sector. The intersection 
numbers of these 2-cycles may be computed by blowing up the Za singularities I2TI . This yields an 
intersection matrix which is the Cartan matrix A(2) of the Lie algebra of ^(2) — SU{3). Then, using the 
intersection numbers of the 1 -cycles on r|, we find that 

°% --^jkA(2) (-^1) 

where 

A(2) = ( J -\) (32) 

Exceptional cycles also occur in the 9^ sector. There is a Z2 symmetry acting in and T| and this 
has sixteen fixed points at 

where fii 2, ti 2 = 0, 1 (mod 2), and, using the notation of reference [19'!, i,j = 1, 4, 5, 6 correspond 
to the pairs (cxi, CJ2) or (n, T2) 

1^(0,0), 4~(1,0), 5~(0,1), 6~(1,1) (34) 

The Zg generator 9 acts on the fixed points as 

9 ^('^1^1 + ^262) = ^ [-o"2ei + ((Ti + 0-2)62] (35) 

9 ^(■^i^s + ^266) = -]j^{jie-, + T2e6) = ^(nes + r2e6) (36) 

so 

9 fi,j = fij, 9 /4J = /sj (37) 

^ f5,j = h,j, 9 fej = /4J (38) 

The exceptional cycles are then fi j {n2TT3 + m2vr4). Using ^ we construct the orbifold invariant 
exceptional 3-cycles: 

il + 9 + 9^)fij0TT3 = = (1 + 9 + 9^) fij<g)7r4 (39) 

(1+^ + ^2)^^.^^^ ^ (/g^^. _ .) ^ ^3 + (/^ . _ ^ 7^4 = (40) 

il + 9 + 9^)Uj(S)TT3 = (/4,j - /5,i) ® vra + (/5j - /6,i) vr4 = (41) 

{1+9 + 9^)f5,j = ihj - fe,j) 0TT3 + {fe,j - h,j) ® vr4 

= (42) 



Fixed point (Xi 1 -cycle 


Exceptional 3-cycle 


fi,j ® (n27r3 + 771-2714) 


A 

u 


/4j ® (n2vr3 + 771-2714) 


7772ej + (n2 + 7n-2)ej- 


/5j ® (?1-27r3 + 777-2714) 


-(77-2 + 7772)ej - n2ej 


/e.i ® (?i-27r3 + 777-2714) 


712 ej - "2-2 e J- 



Table 1: Relation between fixed points and exceptional 3-cycles. 

It is easy to see that fij ® 7r4 generate the same orbifold invariants, so there are just eight independent 
orbifold-invariant exceptional 3-cycles ej and ej {j = 1,4, 5, 6). The non-zero intersection numbers for 
the invariant combinations (l40b and are given by 

ej 04 = -26jk (43) 

using the self-intersection number of —2 for an exceptional 2-cycle at the Z2 fixed point f^j and the 
intersection numbers of the 1 -cycles on T|. The relation between fixed points and exceptional cycles is 
shown in Tabled 

3 TheZ'g orientifold 

We have already noted that the use of an orientifold is necessary if we are to obtain just the spectrum of 
the MSSM. In fact, like the D3-planes in the bottom-up models, the net cancellation of RR charge cannot 
be achieved using just D6-branes wrapping an orbifold. The use of an orientifold is also necessary for 
the cancellation of the RR charge. The embedding TZ of the world-sheet parity operator i7 by an anti- 
holomorphic involution induces 06-planes that carry negative RR charge, and it this that enables the 
necessary cancellation. The action of TZ on the three complex coordinates (A; = 1, 2, 3) is 

TZzk = e"t"^zk (44) 

where c/ifc is an arbitrary phase that we may choose to be zero. Thus, IZ acts as complex conjugation, and 
we require that this too is an automorphism of the lattice. This fixes the orientation of the basis 1 -cycles 
in each torus relative to the Re,Zfc axis. It requires them to be in one of two configurations A or B. 

For A; = 1,2 

A: 7^7r2fc_i = 7r2fc-i, 7^7r2A; = vr2fc_i - 7r2fc (45) 

B : 'RT^2k-l = T^2k, 'J^T^2k = T^2k-l (46) 

In either case, the complex structure Uk is given by 

7r2fe-i 2 2 

The fundamental tori in the two configurations are shown in Figs[l]|2l 7T2k-i,2k wraps e2k-i,2k respec- 
tively. On we have 

A : TZtt^ = 715 and TZttq = —ttq (48) 
B : TZtt^ = 7r5 and TZttq = tt^ — ttq (49) 

In both cases tt^ is real, and in the A case ir^ is pure imaginary. Thus 

Ui- = ^^ (50) 
its 

where R^^q are the length of the 1-cycles tts^s- In the B case, vrg + Ktt /= Tr^,so that 

(51) 




Im z. 



A torus 



Figure 1: The fundamental tori T^, = 1, 2 in the A configuration. 



Lattice 




^P3 




TZpe 


AAA 


pl 


-Pl - P3 




P4 + P6 


AAB 


pl 


-Pl - P3 


Pl - PA 


-Pl - P3 + P4 + P6 


ABA and BAA 


Pl + /03 


-P3 


-Pi - Pq 


P6 


ABB and BAB 


Pl + /03 


-P3 


Pl+ P3- Pi- P6 


P6 - P3 


BBA 


P3 


Pl 


-P6 


-pi 


BBB 


P3 


Pl 


P3 - P6 


Pl - Pi 



Table 2: 7^-images of the bulk 3 -cycles. 



Both are summarised in the formula 



Ui = h + i 




(52) 



where 63 = 0, ^ respectively for the A, B orientations. The fundamental tori in the two configurations 
are shown in Figs|3j|ll TTs^e wrap es^g respectively, 

The 7^-images of the four basis bulk 3-cycles pi,3,4,6> defined in (l8l. (fT0l . (fT2l and (fT4li . on each of 
the lattices may now be calculated. They are given in Table |2l The 06-planes that are invariant under TZ 
may then be identified. In each case there are two linearly independent 7^-invariant combinations, which 
may be chosen to be those given in Table |3l The cancellation of RR tadpoles requires that the overall 



AAA 


Pl 


Pi + 2/?6 


AAB 


Pl 


-P3 + P4 + 2p6 


ABA and BAA 


2pi + P3 


P6 


ABB and BAB 


2pi + P3 


-P3 + 2/56 


BBA 


Pl + P3 


PA - P6 


BBB 


Pl + P3 


Pl - P3- 2/34 + 2p6 



Table 3: 7?.-invariant bulk 3-cycles. 




Figure 2: The fundamental tori T^, A; = 1, 2 in the B configuration. 



Lattice 


Invariant 




rp2 

^2 


T^2 

^3 


A 


n 


VTi 


VTS 






en 


TTi + 7r2 


TTs + 7r4 


vre 


B 


n 


VTi + 712 


TTs + 7r4 






en 


T^2 


TTs - 27r4 


TTs - 27r6 



Table 4: 7?.- and 6'7^-invariant cycles. 

homology class of the D6-branes and 06-planes vanishes: 

^ Ar„(n, + n'J - 4no6 = O (53) 

a 

where Na is the number of D6-branes in the stack a, 11'^ is the orientifold dual of Ha 

n', = nua (54) 

and Hoe is the homology class of the 06-planes. To determine the last of these we must consider the 
factorisable 3-cycles in detail. The n- and 07^-invariant cycles on the three tori are as given in Table 
These generate point-group invariant 3-cycles for each lattice, as given in Table|5] The total homology 
class is obtained by summing the two contributions. Thus RR tadpole cancellation ( 15^ requires that 

AAA: ^iV^[(2A?-A^)pi+^g(p4 + 2p6)] =4(pi+p4 + 2/96) (55) 

a 

AAB : [(2^? -Al-,Al- A%)p^ - Al{p^ -p^- Ip^)] = 8(/>i + ps - />4 - 2p^) 

a 

(56) 

ABA: ^ iV, [A? (2pi+/>3) + (2^g-^2)/'6] =4(2/51 +P3- 3/56) (57) 

a 

BAA: Y,Na[A1{2pi+p^) + {2Al-Al)p^]=A{2pi+p^ + p^) (58) 

a 

ABB : [(2^? + ^4)Pi + {At + AI- A%)p^ + {2AI - Al)p^)] = 8(pi - + 3p6) 

a 

(59) 



A 

A torus 

Im z. 



Re z. 



Figure 3: Tlie fundamental torus T|, in the A configuration. 

BAB : Yl + ^4)Pi + + ^4 - ^6)P3 + (2^g - Al)pe)] = 8(pi + ps - Pe) 

a 

(60) 

BBA: ^Ar4(^^ + yl^)(pi+p3) + (^2-^6)(/'4-p6)] = 4(3pi + 3p3 + />4 + P6) (61) 

a 

BBB : ^ [{Al + A^, + + {Al + A^, + At)ps + (A^ - A^,){p, - p^)] 

a 

= 8(2/>i +P3-Pi + p&) (62) 

where A^ {p = 1, 3, 4, 6) are the bulk coefficients for the stack a. In each case we obtain two constraints, 
there being two independent 7^-invariant combinations of the four basis bulk 3-cycles. Note that, unlike 
in the Zg case, the individual contributions from each stack a do not generally wrap the 06-plane. 

The orientifold images of the exceptional cycles may also be computed. For the 9"^- and 0^-sector 
exceptional cycles 77^-"^ and t?^-"'* with n = 2, 4 and j = 0,1,2 mod 3, defined in ( 1301 . they are given in 
Table|51on all eight lattices. Similarly, for the 0^-sector exceptional cycles ej and €j with j = 1, 4, 5, 6, 
defined in (l40t and (14 It . the orientifold images are given in TableQon all eight lattices. Note that on the 
ABA lattice the action of TZ is just minus the action on the BAA lattice. Similarly for the ABB and BAB 
lattices. 

The overall homology class for all exceptional branes and their orientifold images is required to 
vanish separately, since the 06-plane does not contribute. Thus 

^iv,(n- + nr) = o (63) 

a 

We write the general exceptional brane (in the 0^-sector) in the form 

nr= E (64) 

jr = l,4,5,6 

Using the results given in Table0the tadpole cancellation conditions (l63l are: 

AAA : E iV„(a| - 2a|) = (65) 

a 

AAB : ^"K - = 0' ^«"5 = ^'^("s + "e) = ^a^l (66) 



Lattice 


Invariant 


(ill, nil) {n2, 1712) {713,1713) 


3-cycle 


AAA 


TZ 


(I 0)(l 0)(l 0) 


HI 




on 


(1, 1)(0, 1)(0, 1) 


Oa -\- lOa 


AAB 


n 








en 




+ l0'\ — 2/}a — 4j9r 

ri 1 ■"r ■"^4 


ABA 


n 


V ' ^7V ' 7V ' ^7 


2iOi -l- /}q 

■^ri 1 ro 




en 




— 3or 


BAA 


n 


il Dil OKI 0) 






en 


fo, 1)(0, DfO, 1) 


rb 


ABB 


n 








en 


V^) -^7 V-^! ^^7 ^7 


— So-^ + Qoa 

^Ho 1 ^H'o 


BAB 


n 


fl i)(i od 0) 

V ' 7V ' ^7\ ' ^7 


2^0^ -1- 




en 


(0,l)(0,l)(l,-2) 


P3 - 2p6 


BBA 


n 


(1,1)(1,1)(1,0) 


3pi + 3p3 




en 


(0,1)(1,-2)(0,1) 


P4 - P6 


BBB 


n 


(1,1)(1,1)(1,0) 


3pi + 3p3 




en 


(0,l)(l,-2)(l,-2) 


Pi- Pz- 2p4 + 2p6 



Table 5: 06-planes of the Zg orientifold. The total homology class Hoe is obtained by summing over 
the two orbits for each lattice. 



Lattice 


nnf^ 


n^f^ 


AAA 


(n) 


~{n) 
V-j 


AAB 


(n) 


-r]_- +'n_- 


ABA 


(n) 

-v) 


~(n) 

v) 


BAA 


(n) 


-(n) 

-r?l/ 


BBA 


(ri) 
■q) 


-in) 


BAB 


\n) 


(n) • ^(n) 


ABB 


in) 

-v) 


in) , Jn) 


BBB 


(n) 
Vj 


(n) ~{n) 



Table 6: 7^-images of the ^"-sector (n = 2, 4) exceptional 3-cycles. Note that the twist sector n is 
preserved L21J under the orientifold action n. 



Lattice 


nei 


7^el 


7^e4 


7^e4 


^£5 


^£5 


^£6 


nh 


AAA 


-ei - ei 


ei 


-€4 - u 


£4 


-£5 - £5 


£5 


-£6 - £6 


£6 


AAB 


-ei - ei 


ei 


-£4 - h 


£4 


-£6 - £6 


£6 


-£5 - £5 


£5 


ABA 


-ei 


ei + ei 


-£4 


£4 + £4 


-£5 


£5 + £5 


-£6 


£6 + £6 


BAA 


ei 


-ei - ei 


£4 


-£4 - £4 


£5 


-£5 - £5 


£6 


-£6 - £6 


ABB 


-ei 


ei + ei 


-£4 


£4 + £4 


-£6 


£6 +£6 


-£5 


£5 + £5 


BAB 


ei 


-ei - ei 


£4 


-£4 - £4 


£6 


-£6 - £6 


£5 


-£5 - £5 


BBA 


-ei 


-ei 


-£4 


-£4 


-£5 


-£5 


-£6 


-£6 


BBB 


-ei 


-ei 


-£4 


-£4 


-£6 


-£6 


-£5 


-£5 



Table 7: 7^-images of the 0^-sector exceptional 3-cycles. 



Im z- 



B torus 




Figure 4: The fundamental torus r| in the B configuration. 



ABA : 


a 





(67) 


BAA : 


a 


- a';) = 


(68) 


ABB : 


a 


0, E ^a«5 = E ^-("5 - «6) = - E ^""6 
a a a 


(69) 


BAB : 


E^"(K 

a 


- al) = 0, E ^a«5 = E ^«("5 + "e) = E 

a a a 


"6 (70) 


BBA : 


E^«K- 

a 


- a^") = 


(71) 


BBB : 


E^-K- 

a 


- a^) = = E Mo^l - «6) = E - «5) 

a a 


(72) 


= 1,4,5,6 and p = 1,4. 


In each case there are 4 constraints, there being 4 


independent 



7^-invariant combinations of the ej and ej. 

4 Supersymmetric bulk 3-cycles 

The twist Q ensures that the closed-string sector is supersymmetric. In order to avoid supersymmetry 
breaking in the open-string sector, the D6-branes must wrap special Lagrangian cycles. Then the stack a 
with wrapping numbers {n1,m'^) {k = 1, 2, 3) is supersymmetric if 

3 

E '/'fc = mod 27r (73) 

k=l 

where is the angle that the 1 -cycle in makes with the Re Zk axis. Thus 

(1)1 = arg(n^e2fc-i + m^eafc) (74) 
where 62^-1 and e2k are complex numbers defining the basis 1-cycles in T^. Then, defining 

3 

Z'' = \le2k-i{nl + mlUk) = X'' + iY^ (75) 
it=i 



Lattice 


A 


1 


AAA 


c\ A n An An / m t t 

2A\ — A| — AgV3Im [/a 


V3Af + (2^2 - Agjim C/3 


AAB 


2Af — + A2 — ^Aq — j4g V 3Im Us 


V3(yl3 + ^A%) + (2^2 - A%)\wl U3 


ABA and BAA 


V3Af + {Al-2A^e)lmU3 


2AI - A'l + AlV^lwL U3 




- AO' J- ^ A0-\ J- ( A"- 9 zl<JMm TT 


n AO. AO _i_ AO 1 Ao 1 /ta^/QT-m T/" 
Z/I3 — /i-j^ + /ig — + >i4V<jiIll (73 


BBA 


+ + (A2 - ^g)^/3Im C/3 


V3{A^ - Af) + (At + A^)lm C/3 


BBB 


(ylf + + ^Al + ^Al)+ 
+(A4-^6)V3ImC/3 


V3(Ai-^? + I^6-I>i4) 
+ (^4 + ^6)Im C/3 



Table 8: The functions X" and F". (An overall positive factor of RiR^R^ is omitted.) A stack a of 
D6-branes is supersymmetric if X" > and Y"- = 0. 

where 



e2k-l 

is the complex structure on T^, the condition (1731 that a is supersymmetric may be written as 

X" > 0, Y" = 

(A stack with Y^ = but X° < 0, so that </)^ = vr mod 27r, corresponds to a (supersymmetric) 
stack of anti-D-branes.) In our case T^2 SU{3) lattices and the values of Uk are given in Wf\ and 
(EU. Thus 

= e^ezeMl " ^3 + ^3(^2 " + e'"/'(^^ + ^gC^s)] (78) 
where A'^ {p = 1, 3, 4, 6) are the coefficients of the bulk 3-cycle defined in (fr7l...(l20b. If T| is of A- 
type, e2k-i = R2k-i > is real and positive; in fact this is also the case for 65 when T| is of B-type. 
However, when r| {k = 1, 2) is of B-type, e2fc_i = R2k-i^^^^^^ ■ It is then straightforward to evaluate 
X"- and Y"- for the different lattices. The results are given in Table[8] 

It follows that all of the 7^-invariant bulk 3-cycles given in Table |3] satisfy Y^ = 0, and (with a 
suitable choice of overall sign) are therefore supersymmetric. However, unlike in the case of Zg, there 
are supersymmetric 3-cycles that are not 7^-invaiiant. In particular, there are supersymmetric 3-cycles 
that do not wrap the 06-planes. Thus, in general, o Hoe / for the Zg orientifold. This has 
important implications which we will discuss shortly. Further, the tadpole cancellation conditions d55l - 
(l62l allow an infinite number of solutions in this case. This is because the two independent conditions 
for each lattice involve independent linear combinations of the bulk coefficients A'^, whereas (for a fixed 
value of Im C/3) the positivity condition required by supersymmetry, X° > in (1771 . constrains just a 
single combination of these two; the orthogonal combination is unconstrained, and the condition = 
involves an additional, independent combination of the bulk coefficients. The combination of the tadpole 
cancellation conditions corresponding to this unconstrained combination of the bulk coefficients may 
therefore be satisfied by cancelling positive against negative contributions from different stacks, thereby 
allowing an infinite number of solutions. 



(76) 
(77) 



5 Fractional branes 

The bulk 3-cycles (Iljj"''^) or exceptional cycles (11^^) discussed in S ^2l3l cannot be used alone for realistic 
phenomenology, since their intersection numbers are always even, as is apparent from d25l . d3n i and (143 1 . 
To get odd intersection numbers, which, as noted in ^ is required if there is to be no unwanted additional 
vector-like matter, it is necessary to use fractional branes of the form 

a = in^'^ + in- (79) 

n^"^'^ = "^pApPp is associated with wrapping numbers (nf, m")(n2, r?T,2)(n|, m|), as shown in (I16t . 
The exceptional branes in the 6^ sector are associated with the fixed points fij, = 1,4,5,6) in 



((7^ (To ) 


fO 0) or fi 


(-!- 0) or (0 -) 


(0-5, o-e) 






(0,0) or (0,i) 


/ill /i5 5 /ei, /es 


/4I, /45 5 /5I) /SS 


(iO) or(i,i) 


/i4, /i6 5 /64, /ee 


/44, /461 /54, /se 



Table 9: The fixed points used to generate 0^ -sector exceptional cycles in the case {nf, m^)(n|, m|) = 
(1,1)(0, 1) mod 2. 

Ti T|, as shown in d40l and d^TT i. If IlJ^""^ is a supersymmetric bulk 3-cycle, then the fractional brane 
a, defined in ( l79t . preserves supersymmetry provided that the exceptional part arises only from fixed 
points traversed by the bulk 3-cycle. In what follows we shall only consider fractional branes whose 
exceptional part 11^^ arises from the ^'^-sector exceptional cycles ej and ej of the form d64b . It appears to 
us that the 0^-sector exceptional cycles r]j and fjj, defined in d30l . do not offer a rich enough structure to 
allow us to satisfy all of the constraints that we shall impose. 

As an illustration of the stacks that we shall be considering, suppose that (n", m")(n|, m|) = 
(1, 1)(0, 1) mod 2. If the cycle on passes through any two lattice points, for example the origin and 
nfei + m\e2, then it wraps the Z2 fixed points 1 and 6, defined in (I34t . If the cycle on Tf is offset from 
this situation by one half of one of the basis lattice vectors (61^2), for example if it passes through ^ei and 
(n" + i)ei + mf 62, then it wraps the Z2 fixed points 4 and 5. However, if the cycle is offset by one half 
of both basis lattice vectors, for example if it passes through \{ei + 62) and (n" + i)ei + (m" + \)e2, 
then it again wraps the fixed points 1 and 6. Similarly, depending on the offset, the cycle on Tg may 
wrap 1 and 5, or 4 and 6. Writing the offset in the form Ylii=i 2 '^i^i ® Sj=5 6 '^i^i ^^^^ '^iJ ~ 0; |> 
the exceptional cycles involved are those associated with the fixed points given in Table |9l Obviously a 
similar analysis applies for other choices of (nf, ?7i")(n|, mg) mod 2. 

In general, supersymmetry requires that the exceptional part U'^ of a derives from four fixed points, 
, /ijjj' /ifif , /igif , with (if, i^) the fixed points in Tf, and (j? , jf ) those in T^. Depending on the 
offset, there are two choices for {if, ig) in T'^, and similarly two choices for (ji , if ) ^3 • Consequently 
there are a total of four sets of four fixed points, any one of which may be used to determine 11^^ 
while preserving supersymmetry. The choice of Wilson lines affects the relative signs with which the 
contributions from the four fixed points are combined to determine 11^^. The rule is that 

(^1 ) ^2 ) (Jl ) i2 ) fiHt 1 /if > /jgif ' /igjj (80) 

- (-1)"" [kn + i-^V'M,^, + (-i)""/is.T + i-^r^^^'hj^] (81) 

where Tq ^ 2 = 0, 1 with rf = I corresponding to a Wilson line in and likewise for rf in T|. 
The fixed point fij = 1, 4, 5, 6) with the 1-cycle n2vr3 + m2vr4 is then associated with (orbifold- 
invariant) exceptional cycle as shown in Tabled Thus in the example above with {nf, m")(n|, m|) = 
(1, 1)(0, 1) mod 2, if we take no offset in both planes, then {if, i^) = (16) and {jf,j^) = (15). With 
this choice 

nr(i6)(i5)(ni,m^) = (-l)^«+^"K[6i + (-1)^^%5] - mi[6i + (-l)-^"e5]} (82) 

We noted earlier that given any two stacks a and b of D6-branes, then there is chiral matter whose 
spectrum is determined by the intersection numbers of the 3 -cycles. There are a o 6 chiral matter mul- 
tiplets in the bifundamental representation (Na,N;,) of U{Na) U{Nh), and a o b' matter multiplets 
in the representation (N^, N;,), where b' = TZb is the orientifold image of b. In general, there is also 
chiral matter in the symmetric and antisymmetric representations of the gauge group U {Na), and 
likewise for U{Ni,), where the dimensions of these representations are 

[Sa] = {NaX'!^a)symm = lNa{Na + l) (83) 
[Aa] = (Na X Na)a„tisymm = ^iVa(A^a - 1) (84) 



The number of multiplets in the representation is ^ (a o a' — a o Hoe), and the number of multiplets in 
the Aq representation is ^{a o a' + a o Hoe), where Hoe is the total 06-brane homology class given in 
Table|5| If a o Iloe 7^ 0, then copies of one or both representations are inevitably present. This explains 
the importance of our observation at the end of fj4]that this quantity is generally non-zero on the Zg 
orientifold. Of course, for a specific stack, it may happen that a o Iloe = 0, in which case the absence 
of one of the representations ensures that neither representation is present. When Na = 3, as required to 
get the SU{3)c gauge group of QCD, there will in general be chiral matter in the Sq = 6 and = 3 
of the SU{3). Similarly, when Ni, = 2, as required to get the SU{2)l part of the electroweak gauge 
group, there will in general be chiral matter in the = 3 and A^ = 1 of SU{2). For both groups the 
appearance of the symmetric representation is excluded phenomenologically. Quark singlet states q^, in 
the 3 representation of 5C/(3)c, do occur of course, and similarly for lepton singlet states £^ in the 1 (or 
1) representation of SU{2)l. Thus, we must exclude the appearance of the representations Sa and Sh, 
but not necessarily of Aq or A;,. Consequently, we impose the constraints 

ao a' = ao Hqq (85) 
bob' = boUoG (86) 

With these constraints the number of multiplets in the antisymmetric representation A^ is then a o Iloe. 
so we require too that 

|aono6|<3 (87) 

since otherwise there would again be non-minimal vector-like quark singlet matter. Similarly we require 
that 

l&onoel < 3 (88) 

to avoid unwanted vector-like lepton singets. 
For fractional branes of the form (f79l . 



and 



aoa' = -nj^^ii^ o njj""^ ' + o ' (89) 



a o no6 = ^n^"^ o no6 (90) 

since there is no intersection between the 06-planes and the exceptional branes. For given wrapping num- 
bers (n", m")(n2, m2)(n|, ?7i|), the form (fT6l of the bulk part Iljj""^ of a is determined by the formulae 
(IT7l ... (l20t for the bulk coefficients [p = 1, 3, 4, 6). For any given lattice, it is then straightforward to 
calculate H^^^^ ' using Table|2land hence, using d25l . to calculate 

f{Al) ^ n^"ik o n^^ik ' = F{Al, A^') (91) 

where Ap,Ap' are respectively the bulk coefficients for Iljj""^, Iljj""^ '. Similarly, using Table |5j it is 
straightforward to calculate 

g{A;)^U^,-''^oUoe = F{A;,Sp) (92) 
where Sp are the bulk coefficients of the 06-planes. The calculation of 



''21 ' 



n;^^ o n;^^ ' (93) 



using (l43l is equally straightforward, but also depends upon which one of the four sets of four fixed 
points {if, ^2)(ji ' jf) is chosen. The constraint (l85t may then be written as 

/(A^) + </.(n5,mf) = 25K) (94) 



and dSIli as 



(95) 



Similarly, for the stack b we require that 



/(4)+,/.(ntm^) = 2ff(4) (96) 

and 

(97) 

Each pair of wrapping numbers (n^,m^) {k = 1,2,3) may take one of the three values 
(1, 1), (1,0), (0, 1) mod 2, since and are coprime. Thus, in general there are 27 possibilities 
for {nf, m")(n2, m2)(n|, rrig) mod 2. However, from (ISll,© and ©, it follows that the Zg point group 
generator 9 acts on the wrapping numbers as 

eK,m?)K,m^)K,m^) = (-m?,n? + m?)(-ni-m^,n^)(-n^,-m^) (98) 

This reduces the 27 possibilities to 9, since any choice is related to two others by the action of 6. Since 
(rig, ml) is invariant mod2 under the action of 9, we may choose a "gauge" in which the representative 
element in each class has (nf , m") = (ng, m|) mod 2. The 9 classes may be reduced further by includ- 
ing the action TZ of the world sheet parity operator, but the action depends upon the lattice choice. An 
important difference arises between the four lattices in which T| is A type, and the four in which it is of B 
type. In the former case, it follows from d48l that all 3 choices for (rig, mg) = (1,1), (1,0), (0,1) mod 2 
are TZ invariant. This means that the 3 classes defined above are not mixed by the action of TZ. The 3 
elements within each class split into 1 + 2, where 1 is 7^ invariant and the 2 are related under the action 
of TZ. Thus, on the 4 lattices with T| of A type, the 3 classes of 3 reduce to 3 classes of 2, leaving 6 
in total. In the latter case, when T| is of B type, it follows from d49l that (n|, mg) = (1,0) mod 2 is 
TZ invariant, and that (1, 1) (0, 1) under the action of TZ. This means that of the 9 classes there is 
just one that is TZ invariant, and the remaining 8 split into 4 classes of 2 in which each pair is related by 
the action of TZ. Thus the 9 classes reduce to 5. The results are summarised in Table flOl The functions 
f{Ap) and g{Ap) are summarised in Table fTD and the function (j){n2, 1712) is given in Table fT2l Their 
values (mods) are given in Table flOl By inspection we can see that the requirement ( l94l i that there are 
no symmetric representations places no further restrictions (mod 8) on the allowed wrapping numbers 
when Tg is of A type. However, when T3 is of B type, ( 1941 limits the possible wrapping numbers to just 
2 of the 5 classes allowed hitherto. 

As noted earlier, the function (/)(re2,m2) defined in d93t depends upon which pairs of fixed points 
are used in Tf and T|, although we have not displayed this dependence. Table fT2l gives the results when 
the (non-offset) pair (16) is chosen in both tori in the (nf , mf) = (ng, mg) = (1, 1) mod 2 case, when 
(14) is chosen in the (1, 0) case, and when (15) is chosen on the (0, 1) case. The modifications that arise 
when the other pair of fixed points, the offset pair, is chosen in one or both tori may be summarised as 
follows. For the four lattices AAA, ABA, BAA, BBA in which Tg is of A type, there is no modification 
when the offset pair is chosen in r|, but an additional multiplicative factor of 2{—iy^ — 1 is to be 
inserted when the offset pair is used in . For the four lattices AAB, ABB, BAB, BBB in which Tg is 
of B type, the four different choices of pairs of fixed points can lead to different results. When the offset 
pair is used in Tg but not in Tf , a multiplicative factor of (—1)^2" is to be inserted, but only in the case 
{nf, mf) = (rig, m|) = (1, 0) mod 2. When the offset pair is used in Tf but not in T|, a multiplicative 
factor of 2(— 1)"^! — 1 is to be inserted in all cases. When the offset pair is used in both and T|, 
both factors are to be inserted. Since 2(— l)"^" — 1 and (—1)^2 are both odd, their inclusion does not 
affect our conclusion that when T| is of A type the allowed wrapping numbers are not further restricted 
(mods) by equation ( l94t . In other words, for these lattices, the allowed classes of wrapping numbers 
are unaffected by the inclusion of Wilson lines. 

However, when Tg is of B type, the allowed classes of wrapping numbers could be affected by Wilson 
lines. A difference could arise whenever (/)(n2, 7712) = ±2 mod 8. Insertion of a factor 2(— 1)^" — 1 has 
no effect since 2 = —6 mod 8, but insertion of a factor (—1)^2 clearly does have an effect. However, 
(/>(n2,r?T,f) = ±2 mod 8 only occurs when {nf,mf) = (ng,m|) = (1, 1) mod 2, and the factor of 
(— 1)'^2 does not then occur, as noted above. Thus, for the four lattices AAB, ABB, BAB, BBB in which 
T| is of B type also, the (two) allowed classes of wrapping numbers are unaffected by the inclusion 
of Wilson lines. In this case, there are 3 possibilities for a and b. In two of them, a and b are in the 



Lattice 


(n", rn^)(n2, m2)(n3, mg) mod 2 


f{A) 






AAA 


(1,1)(1,1)(1,1) ^ (1,1)(1,0)(1,1) 


4 


4 





(1, 1)(0, 1)(1, 1) 











(1,0)(1,1)(1,0) ^ (1,0)(0, 1)(1,0) 





4 


4 


(1,0)(1,0)(1,0) 











(0, 1)(1,0)(0, 1) ^ (0, 1)(0, 1)(0, 1) 





4 


4 


(0, 1)(1,1)(0, 1) 











BAA and ABA 


(1, 1)(1, 1)(1, 1) ^ (1, 1)(0, 1)(1, 1) 


4 


4 





(1, 1)(1,0)(1, 1) 











(1,0)(1,0)(1,0) ^ (1,0)(0, 1)(1,0) 





4 


4 


(1,0)(1,1)(1,0) 











(0, 1)(1, 1)(0, 1) ^ (0, 1)(1, 0)(0, 1) 





4 


4 


(0, 1)(0, 1)(0, 1) 











BBA 


(1, 1)(1,0)(1, 1) ^ (1, 1)(0, 1)(1, 1) 


4 


4 





(1,1)(1,1)(1,1) 











(1,0)(1,1)(1,0) ^ (1,0)(1,0)(1,0) 





4 


4 


(1,0)(0,1)(1,0) 











(0, 1)(1, 1)(0, 1) ^ (0, 1)(0, 1)(0, 1) 





4 


4 


(0.1) (1,0) (0.1) 











AAB 


(1, 1)(1, 1)(1, 1) ^ (0, 1)(0, 1)(0, 1) 


2 


6 





(1,1)(1,0)(1,1) ^ (0, 1)(1,0)(0, 1) 


2 


2 





(1, 1)(0, 1)(1, 1) ^ (0, 1)(1, 1)(0, 1) 


4 








(1,0)(1,1)(1,0) ^ (1,0)(0,1)(1,0) 





4 





(1,0)(1,0)(1,0) 











BAB (and ABB) 


(1, 1)(1, 1)(1, 1) ^ (0, 1)(1, 1)(0, 1) 


6 


2(6) 





(1, 1)(1, 0)(1, 1) ^ (0, 1)(0, 1)(0, 1) 


4 








(1, 1)(0, 1)(1, 1) ^ (0, 1)(1, 0)(0, 1) 


6 


6(2) 





(1,0)(1,0)(1,0) ^ (1,0)(0,1)(1,0) 





4 





(1,0)(1,1)(1,0) 











BBB 


(1,1)(1,1)(1,1) ^ (0, 1)(1,0)(0, 1) 


4 








(1,1)(1,0)(1,1) ^ (0, 1)(1,1)(0, 1) 


2 


2 





(1,1)(0, 1)(1,1) ^ (0, 1)(0, 1)(0, 1) 


2 


6 





(1,0)(1,1)(1,0) ^ (1,0)(1,0)(1,0) 





4 





(1,0)(0,1)(1,0) 












Table 10: Inequivalent wrapping number classes (n^, m^) mod 2 for the various lattices, and the values 
of the functions f{Ap), (j){n2, m^) and 2g{Ap) mod 8. 



Lattice 






AAA 


4:(2AfA2 - 2AfAl - A^A^) 


2(2A| - - Al) 


AAB 


4{2A1Al - 2Af - A^A^) + 2{2Af - 2A%A% - Af) 


4(3Af + A% + Al) 


ABA 


A{AIAI + 2AIAI - 2AIAI) 


6(2A| + AI- Al) 


BAA 


A{AIAI + 2A1AI - 2AIAI) 


2{A'{ - 2AI + Al) 


ABB 


4(ylf yl2 + 2A1AI - 2A%Al) + 2{Af + 2AIAI - 2Af') 


12{A\ - 2A% + Al~ Al) 


BAB 


4(ylf + 2A\Al - 2Af Ag) + 2(Af + 2A\A% - 2Af ) 


4(-Af + 2AI + Af + Al) 


BBA 


4(4ylf Ag - AlAl - AlAl) 


Q{Al -AI + AI + Al) 


BBB 


-4.{4.A1Al - AAIAI + AgAg) + 2{-Af + AAlAl - Ag^) 


12{AI -AI + A%) 



Table 11: The functions f{A^) and g{Ap) for various lattices. 



Lattice 


(1, Ij 




(U, ij 


AAA 


in^{n^ + 2m^) 


-4mg(mf + 2n^) 


4(777^^ - nf^) 


AAB 


+ 2m2) 


-Aml{m2 + 2722) 


2{rn%' - 77^) 


ABA 


4mf (mg + 2^2) 


-4(771-2^ - TT-f^) 


-An%{n% + 27772) 


BAA 


-Aml{ml + 2722) 


4(r7l2^ - 772^) 


An%(n% + 27772) 


Add 




—4(^771-2 — ) 




BAB 


-2m^(m2 + 2n^) 


A{mf - nf) 


2nl{nl + 2ml) 


BBA 


-4(m^^ - nf ) 


-An^inl + 27nf ) 


Aml{ml + 277^) 


BBB 


-2(mf - nf ) 


-Anl{nl + 2ml) 


2ml{ml + 2nl) 



Table 12: The function i;^(772, ttij) for various lattices. The three values for (/> correspond to the three 
values of (77", ?77f ) = (773, 777,3) ™od 2 when the singular points chosen in both tori include the origin. 



Lattice 


fAB'{AlAl) 


AAA 


A{AIAI + AIA\ - 2{AIAI + A^Al) - 2{AlAl + Af^^) - 2(Af^^ + AlA^) 


ABA and BAA 


2{A^Al + A1A\) + 2{AfA'Q + A'^Al) + 2(Af^^ + A^A'^) - 4(A|A^ + A^A'^) 


BBA 


-2{A\A\ + AIA\) + A{A\A% + A%A\) + A{AIA\ + AlA^i^ - 2{AIA% + A%Al) 


AAB 


A{A\A\ + AIA\) + 4yl2^^ - 2(A?ylg + AIA\) - 2{AIA\ + A\A%)- 


ABB and AAA 


2{A\A\ + ^2^5) + 2^2^^ + 2(^?^6 + ^6^1) + 2(^3^4 + ^4^3)- 
-A{A%A\ + AIA\) - AAIA\ + 2{AIA\ + Ag^^) 


BBB 


-2(A«^^ + AIA\) - 2AIA\ + 4(yl?A^ + AIA\) + 4(^;^^^ + ^24)" 
-2(^f + ^gA^) - 2AIA\ + 4(^24 + 



Table 13: The function /abs defined in dlOOt . for the various lattices. 



same class; in the third, they are in different classes. In the last of these possibilities, it is convenient to 
take the stack a to be that in which (tt.", rri") = (773, 777,|) = (1, 0) mod 2 and (77^,7775) = (77^, 7773) = 
(1,1) mod 2. Consequently we may no longer assume that Na = and N\, = 2, as we have done 
hitherto. 

In this paper we see whether we can construct realistic models, that is models in which the intersec- 
tion numbers (|a o 6|, |a o 6'|) = (2, 1) or (1, 2), using the 3 possible combinations of wrapping numbers 
for each of the 4 lattices in which r| is of B type. As noted in the introduction, if a o 6 and aob' have the 
same sign, then Na = 3 and A*";, = 2. If not, Na = 2 and = 3. The contributions from the bulk parts 
to a o 6 and aob' are determined by the functions Jab and Jab' respectively. The former is independent 
of the lattice and is given by 

fAB = n^''^ o n^''^ = f{a;, Al) (99) 

where F{A^, ^^) is defined in The latter, 

fAB' ^ n^ii^ o n^-ik' = f(^a;, 4') (loo) 

however, is lattice-dependent. Table [O] gives the function Jab' for each lattice. The contribution to 
aob and aob' from the exceptional parts depends upon the fixed points chosen for 11^^ and 11^^. Since 
there are four possible sets of fixed points for each exceptional part, there are, in principle 10 or 16 
combinations to consider, depending upon whether a and b have the same or different sets of wrapping 
numbers (mod 2). The required intersection numbers are then 

aob = ^fAB + \u'ai^^^,,a)^,^^,,a){n^^^ (101) 

aob' = \fAB' + \nT^.^^,.^^^^^^^^^^^^ (102) 



where we are using the notation of equation dS^ . In what follows we abbreviate this notation by 



'^T{i1,i^){jf,j^) ("-2 ; ^2) 
ex 



nr{j°,j5)(j^,j5)'("'2''"^2) (^1) "^2)01) if) 



(103) 
(104) 



Like the contribution Jab from the bulk branes to a o 6, the contribution from the exceptional branes is 
independent of the lattice, and depends only on the associated fixed points. We have seen that on all four 
lattices in which T| is of B type, the requirement that there is no matter in symmetric representations of 
the gauge group means that we must consider three cases: (i) (n"' , m"' ) = {n^' , rrig' ) = (1, 1) mod 

a,b a,b\ / a,b a,b\ 



2, (ii) {n{ ,m{ 



(^3 



;i,0)mod2, and (iii) (n?,m?) = (nf,mf) = (1,0) mod 2, 



{n'l,m\) = (n^jTrag) = (1, 1) mod 2. Thus exceptional branes associated with the same fixed points 
arise on all four lattices. In the next section we give the (universal) results for the contributions of these 



a,b 
2 ' 



a,b\ 



nir, 



mod 2 are 



exceptional branes to a o 6. (As is apparent from Table flOl the allowed values of (n' 
lattice-dependent, but we present the results for arbitrary values of {n'^''', rn-g'^).) 

The corresponding contributions from the exceptional branes to a o 6' are presented for each lattice in 
the appendices. In all cases we give the results for the case that (^f , ^2) (^i) 4) '^^e offset pairs of 
fixed points in Tf; the results for the cases when one or both pairs are not offset are obtained by setting 



and/or 



0. 



6 Calculations of (z?, (j^, j|) o (^J, zl) j|) 

6.1 {nl''', ml'^) = (%'^, '^3'') = (1,1) mod 2 

In this case (i?,^) = (45) and (if,if), (jlj!^) = (16) or (45). 



(45)(16) o (45)(16) = (45)(45) o (45)(45) 



= (-l)^o+n.+i2[l + (-l)^2+^2]Kn^ - + 

+ {-lY^^Hn^nl + m'^ml + m^n^) + (-1)^' (n^n^ + mfm^ + n>^) + 
+ (-l)-f+-i'(m5n^-n>^)] (105) 

(106) 



(45)(16) o (45)(45) = 



6.2 (n"''',m^'^) = (ng'", mg") = (1,0) mod 2 
In this case (if,^^), (ij,^) = (56) and (jlj!^) 

(56)(14) o (56)(14) = (56)(56) o (56)(56) = 

= (-l)^o+n?+i2[l + (-1)^2+^1] Um^n^ - n^m^2)[^ + (-1)^"+^'] + 

+ (-1)^"+Hn^n^2 + "^>2 + m-2n'2) + {-^rkn^t + "^>2 + ^2"i2) 
(56)(14) o (56)(56)=0 

6.3 (n^, ml) = (ra^, ml) = (1,0) mod 2, {n\,m\) = {n^, m^) = (1, 1) mod 2 

In this case (i?,i^) = (56), (jfJI) = (14) or (56), and (i?,^) = (45), (j^, jI) = (16) or (45). 

(56)(14) o (45)(16) = (-1)""2 (56)(14) o (45)(45) = 

= (-1)"2(56)(56) o (45)(45) = (-l)"^ (56)(56) o (45)(16) = 



(14) or (56). 



(107) 
(108) 



(-1)^0 



n^,4 + + m^n^)[l + (-l)^i'+^n + 



,0-^b 



,o,h 



+ (-l)-f (n^n^ + mX + nX) + (-1)^1 - 



mln\) 



(109) 



7 Computations 



Using the calculations presented in the previous section and the appendices, we may compute the inter- 
section numbers aob and aob' for any two stacks a and b. We seek wrapping numbers (n^'^, {k = 
1, 2, 3) that determine the bulk parts H^^'f^ and exceptional parts HJ^^^ of the two supersymmetric stacks, 
that have no symmetric matter and not too much antisymmetric matter on either stack, i.e. they satisfy 
the constraints (I94l.(l95l.(l96l and ( l97l . and that produce the required intersection numbers 

(|ao6|,|ao6'|) = (M) (110) 

On all lattices, it turns out that this is only possible when the wrapping numbers of the two stacks are 

in different classes mod 2, i.e. only the (nf,mf) = (1,0) mod 2 = {n'^,m'^), {n\,m\) = (1, 1) mod 
2 = (rig, mg) sector can satisfy the constraints. It follows that the fixed points associated with 11^^ and 
n^'' are 

(^?,*2)0T,J2) = (14)(14), (14)(56), (56)(14), or(56)(56) (111) 
(^?,4)0t,i2) = (16)(16), (16)(45), (45)(16), or(45)(45) (112) 

As noted previously, it suffices to consider only the offset pairs of fixed points (if, if) = (56) and 
(^ii4) — (45) in Tf, since the results for the non-offset pairs may be obtained by setting rf = 
and/or = 0. Further, we need only perform the computations for the offset pairs of fixed points 
(ii 'if) = (56) and (j'l) J2) — (45) in T|, since the results for {a o b,a o b') in the other sectors are 
merely special cases that arise when r2 = and/or rl = 0. If, for example, T2 = 1 mod 2 is needed in 
order to satisfy one or more of the constraints, then we must use the offset fixed points (jf , ) = (56); 
otherwise, we may use either (14) or (56). Similarly, if rl = 1 mod 2 then (jf, jf) — (45) must be 
used; otherwise (16) or (45) may be used. Thus, in all cases the exceptional parts of the stacks are taken 
to be 

n- = (56)(56)(nf ,mf) = (-1)^0 {[-(nf + mf) + {-Ifi n^][e, + {-If^ e,] - 

-K + (-l)""mf][e5 + {-ly^h]} (113) 
nr = (45)(45)(n^,m^) = (-l)^o{[m^ + (-l)^'+^(n^2 + "^2)]^ + (-l)"^'e5] + 

+ [n\ + m\ + (-l)-i'+in^][e4 + {-\rh^\} (114) 

The orientifold duals H^^^' of course depend upon the lattice. 

7.1 AAB lattice 

For this lattice 

nr = (56)(56)(nf ,mf)' = (-l)^o + m%) - (-1)^? nf][66 + {-W^- e,\ + 

+K - (-i)""(«2 + + {-W'^hW (115) 

nr' = (45)(45)(n^2,"^2)' = {-\rh\-^\ + {-Whn\ + m\)\\e^ + {-\f^e^\ + 

+ + (-l)^fm^][e4 + (-l)^^'e6]} (116) 

On all lattices there are many sets of wrapping numbers for which the constraints and that ensure 
the absence of symmetric matter on both stacks are satisfied. However, the vast majority of these do not 
have the required intersection numbers (II lOt . Here, and generally on the other lattices, the constraint 
(l97l that limits the amount of matter in antisymmetric representations of the gauge group, eliminates a 
lot of otherwise acceptable solutions. Consider, for example, 

{n\,mX){nl,m%){nl,ml) = (1, 0)(1, 0)(1, 0) (117) 
(n?,m?)(n^,m^)(n|,m^) = (l,l)(l,l)(l,-l) (118) 



so that 



n^^"^ = pi (119) 

n^"ik = 3(p^ + p3 _ _ (120) 

On the AAB lattice these give 

n^-ik' = (121) 

n^"ik' = _3pg (122) 



Combining with the exceptional parts given in (I113t . (lll4t . (lll5l) and (11161) . we have 

a = ^pi + i(-iro{[-i + (-irn[e5 + (-ir^^6]-[65 + (-i^^~6]} m 

a' = lpi + i(-l)-.?+-f+-2{[-l + (-l)-f][e5 + (-l)-2%g]_[g5 + (_i)-2%~g] (12 

h = \{pi + P3 - P4 - P,) + \{-irh[^ + (-l)^'+'2][64 + i-lY'^e,] + [2 + {-iy'+\e, + {-Ifh, 

(12 

b' = -|p6 + i(-ir«{[-l + (-ir'2][e4 + (-ir'e6] + [l + (-ir'][e4 + (-ir^'e6]} (12 



Then both ^ and, when = 0. (I96t are satisfied, so that there is no matter in the symmetric repre- 
sentation of either gauge group. In fact, we find that g{Ap), defined in (l92t . is zero, so that a o Iloe = 0. 
As noted earlier, this means that there is no matter in the antisymmetric representation of the gauge 
group on the stack a either It is obvious from (11171) that a preserves supersymmetry, because the angles 
0^ (A: = 1, 2, 3) that the 1 -cycles with wrapping numbers {n'^^rnl) on r| make with the Re axis are 
all zero, independently of the the complex structure C/3. However, Im C/3 is fixed when the supersym- 
metry constraint = 0, with given in Table [8j is imposed on h. Since, from dSTt . the real part Re 
C/3 = ^ we find 

U, = \ + t^ = e-/3 (127) 

Also > so that h is supersymmetric, as required. In fact, from dllSt . = (j)2 = tt/6, (j)^ = —ir/S. 
Thus has the same complex structure as 2» given in Wfl . and is therefore an SU{3) lattice too. 
Finally, it is easy to verify from dlOll) and (11021) using (I109t and (I147t that 

aob = ^ + ^(-l)"o+-o+-l[2- (-l)-f] (128) 
aob' = -^ + i(-l)-o+-5+-2+-l[i_2(-l)-f] (129) 

Consequently (a o 6, a o b') = (2, —1) or (1, —2), provided that rf = and = 1 mod 2. (It is often, 
but not invariably, the case that we find two pairs of values of (a o 6, a o b') both of which satisfy dllOt .') 
However, in this example g{Ap) = 12, so that (l97l is not satisfied, and there are too many copies of the 
antisymmetric representation A;, to obtain the standard model matter content without vector-like quarks 
or leptons. 

In fact, on this lattice we find just two independent pairs of wrapping number sets which, with a 
suitable choice of Wilson lines, satisfy all of the constraints. They are shown in Table (141 The first pair 
yields {a o b,a o b') = (2, 1) or (—1, —2), and the second pair (—2, 1) or (—1, 2). For both pairs there 
are sets of wrapping numbers that differ from those displayed by sign reversal of the pairs (n^, m^) on 
two of the tori [k = 1, 2, 3) and similarly for {n\, mil,), and which also satisfy all of the constraints 
with a possibly different choice of Wilson lines. This is the case in all of our displayed solutions. We 
display just one representative in each set. In all cases, aob and a o 6' is the same for all representatives. 

As in the example discussed above, there is no matter in the antisymmetric representation Aq on 
stack a in either of our solutions. The two solutions have the same wrapping numbers on b for which the 
number of antisymmetric representations is 

#{A,) = ^5(4) = 2 (130) 



{nf,mf; ng, m|) 


( Aa Aa Aa Aa\ 


(n^, m^; ^2; ng, rrig) 


1^1' ^3' ^4' ^6) 


ImC/3 


(1,0; 1,0; 1,0) 


(1,0,0,0) 


(1,-1;1,-1;-1,1) 


(1,1,-1,-1) 


2 


(1,-2;1,0;-1,2) 


(1,2,-2,-4) 


(1,-1;1,-1;-1,1) 


(1,1,-1,-1) 


2 


Table 14: Solutions on the AAB lattice. 


{nf,mf; 122, m2',n^, m^) 


( Aa Aa Aa Aa\ 


(n5,m5;n^,m^;n?^,m?^) 


( At> A^ A'> A'>) 
1^1, ^3, ^4, ^6) 


ImC/3 


(1,0;1,-1;-1,2) 


(0,1,0,-2) 


(1,-1;1,-1;-1,1) 


(1,1,-1,-1) 


1 


(1,-2;1,-1;-1,0) 


(2,1,0,0) 


(1,-1;1,-1;-1,1) 


(1,1,-1,-1) 





Table 15: Solutions on the BAB lattice. 

When aob and aob' have the same sign, as in the first pair, Nf, = 2 and = 1. Thus, in the first case 
there are no quark singlet states on a, only the U (3) gauge particles; and there are 2 left-chiral lepton 
singlet states on the stack b, besides the U{2) gauge particles. In contrast, in the second set where 
aob and aob' have opposite signs, A'^^ = 3 and A^ = 3. Thus there are no lepton singlet states il on 
a, only the U{2) gauge particles; and there are 2 left-chiral quark singlet states g£ on the stack b, besides 
the f/(3) gauge particles. As before, the supersymmetry constraint requires that the complex structure 
Us = e-'^l'^, so that again T| is an SU (3) lattice. As noted in the introduction, the antisymmetric 
representation carries Q = 2 units of the relevant C/(l) charge. In the latter case, then, the 2 left-chiral 
quark singlet states g£ contribute = 4 units of [/(I);, charge. However, the 3 quark doublets contribute 

= 6 and the remaining 4 left-chiral quark singlets, arising from intersections of the stack b with stacks 
c, d, .. each having just one D6-brane, contribute Q\, = —4. Thus the overall cancellation of the charge 

(required by RR tadpole cancellation) can not be achieved in this case. A similar argument applies in 
the former case when 2 left-chiral lepton singlet states arise in the antisymmetric representation on the 
U{2) stack. 

7.2 BAB lattice 

For this lattice 

n-' = (56)(56)(n^,mi)' = {-IfS {[-m'i + (-1)^? (nf + m'i)][e^ + (-1)^^65] + 

+ K + {-^Y^'^2][h + {-W^hW (131) 
nr = (45)(45)(n^,m^)' = (-l)-o{[-n^ + {-ir"^'m\][e, + {-Ifh,] + 

-[nl + m\ + {-iy"nl][u + {-lY'h]] (132) 

Here too we find two independent pairs of wrapping number sets which, with a suitable choice of Wilson 
lines, satisfy all of the constraints. They are shown in Table fTSl Both pairs have the property that there is 
no matter in the antisymmetric representation A^ on stack a, and that there are #{Ai)) = 2 on stack b, as 
in (11301) . Also, aob and 006' have opposite signs for both pairs. Thus in both solutions there are 2 quark 
singlet states g£ on b, besides the U{3) gauge partices. As for the AAB lattice, overall cancellation of 
Qb can not be achieved in this case either. The imaginary part Im Us of the complex structure on T| is 
fixed, as before, by the stack b. In neither case is an SU{3) lattice required. 

7.3 ABB lattice 

As noted previously, for this lattice the orientifold duals 11^^^^' of the exceptional parts differ only by an 
overall sign from those on the BAB lattice. Thus we merely reverse the signs of the right hand sides 
of (11311) and (11321) . Nevertheless different solutions do occur, as is apparent from the three solutions 
displayed in TablefT6l In the first place, {n\,m\) = (0, 1) mod 2 on this lattice, rather than (1, 1) mod 2 
on the BAB lattice. This means that the exceptional part of b is guaranteed to be different on the two 



{nf,mf; ng, m|) 


( Aa Aa Aa Aa\ 


(n5,m5;n^,m^;n^,m^) 


( A'> A'> A'>\ 
1^1' ^3' ^4' ^6) 




(1,0;1,1;1,0) 


(2,1,0,0) 


(1,-1;0,1;1,-1) 


(1,0,-1,0) 


i 


(1,-2; 1,1; 1,-2) 


(0,-3,0,6) 


(1,-1;0,1;1,-1) 


(1,0,-1,0) 


1 

2V3 


(1,-2; 1,-1; -1,0) 


(2,1,0,0) 


(1,-1;0,1;1,-1) 


(1,0,-1,0) 





Table 16: Solutions on the ABB lattice. 



(nf , m"; 712, m2; ^3, m'^) 


V^l> ^3) ^4> 


(n5,m5;n^,m^;n?^,m?^) 


V^l> ^3' ^4> ^6/ 


ImUs 


(l,0;2,-l;l,-2) 


(1,-1,-2,2) 


(1,-1;0,1;1,-1) 


(1,0,-1,0) 


2 


(l,-2;2,-l;-l,0) 


(3,3,0,0) 


(1,-1;0,1;1,-1) 


(1,0,-1,0) 


2 


(1,-2; 0,1; 1,-2) 


(1,-1,-2,2) 


(1,-1;0,1;1,-1) 


(1,0,-1,0) 


2 



Table 17: Solutions on the BBB lattice. 



lattices. In any case, since the function g{Ap) is different on the two lattices, the constraints that ensure 
the absence of antisymmetric matter differ, and we should expect different bulk solutions for b, as indeed 
we find. 

All three solutions share the property that, as before, there is no matter in the antisymmetric rep- 
resentation Aa on stack a. However, unlike all of the previous solutions, all of the solutions in Table 
fT6l also have the property that there is no matter in the antisymmetric representation A5 on stack b. 
This might have been foreseen. The factor 12 that appears in the function g{Ap) for the ABB lattice 
in Table fm requires that the only solutions that satisfy the constraints (l95l and (l97l must indeed have 
g{Ap) = = g{Ap), and hence have no antisymmetric (or symmetric) matter on a or b. A similar 
argument can be applied to the AAB and BAB lattices in both of which the function g{Ap) has a factor 
4. Then satisfying the constraints ( l95l and ( 197 1 requires that #(Aa b) < 2, as we found. In all of the 
solutions displayed in Table [T^ aob and aob' have opposite sign, so that A'^f, = 3 and the gauge particles 
of C/(3) live on b. The complex structure C/3 of r| is fixed by the supersymmetry constraint on b, and, as 
we found for the BAB lattice, an SU{3) lattice is not required. The first and third pair of solutions have 
the same bulk parts for both a and b. Nevertheless, they are distinct solutions since the exceptional parts 
of a differ in the two pairs. 

7.4 BBB lattice 

For this lattice 

nr = (56) (56) (ni, mi)' = (-l)^o + (-1)^1 m^lfeg + (-l)^^"e5] + 

+ [(nf + m^) - (-l)^f n^][66 + {-lY^^h]} (133) 
nf = (45)(45)(n^,m^)' = (-l)-o{[-(n^ + m^) + (-l)-f+in^][e4 + {-ly'ee] + 

+ {-IY'^H4 + m'^m^ + i-iy^ee]} (134) 

Since (nf, 7712) = (0,1) mod 2 on this lattice only, the exceptional parts of any solutions are guaranteed 
to differ from all previous solutions. In this case again we find three solutions. They are displayed in 
Tableim The factor of 12 that appears in the function g{Ap) in TablefTTIfor this lattice too again ensures 
that any solution is guaranteed to have no antisymmetric (or symmetric) matter on either stack. Again 
aob and aob' have opposite sign in all solutions, so that N), = 3 and the gauge particles of U{3) live 
on b. The supersymmetry constraint requires that the complex structure U3 = e~*'^/^, so that r| is an 
5^7(3) lattice in this case. As for the ABB lattice, the first and third pair of solutions are distinct since 
the exceptional parts of a differ. 



8 Conclusions 



We have shown that, unhke the Zg orientifold, the Zg orientifold can support supersymmetric stacks a 
and 6 of D6-branes with intersection numbers satisfying (|ao6|, |ao6'|) = (2, 1) or (1, 2). Stacks having 
this property are an indispensable ingredient in any intersecting brane model that has just the matter 
content of the (supersymmetric) standard model. The number of branes, Na^^ in stacks a, b is required to 
be {Na, Nh) = (3, 2) or (2, 3) so as to produce the gauge groups U (3) and U{2) from which the QCD 
SU{3)c and the electroweak SU (2) l gauge fields emerge. By construction, in all of our solutions there 
is no matter in symmetric representations of the gauge groups on either stack. However, some of the 
solutions do have matter, quark singlets g£ or lepton singlets in the antisymmetric representation of 
gauge group on one of the stacks. This is not possible on the Zg orientifold because all supersymmetric 
D6-branes wrap the same bulk 3-cycle as the 06-planes, from which it follows that a o Iloe = 0. 
Then, requiring the absence of symmetric matter necessarily entails the absence of antisymmetric matter 
too. In contrast, on the Zg orientifold there exist supersymmetric 3-cycles that do not wrap the 06- 
planes. Thus, there is more latitude in this case, and the solutions with antisymmetric matter exploit 
this feature. Unfortunately, however, none of the solutions of this nature that we have found can be 
enlarged to give just the standard-model spectrum, since the overall cancellation of the relevant U{1) 
charge cannot be achieved with just this matter content. Nevertheless, some of our solutions have no 
antisymmetric (or symmetric) matter on either stack. We shall attempt in a future work to construct a 
realistic (supersymmetric) standard model using one of our solutions. 

The presence of singlet matter on the branes in some, but not all, of our solutions is an important 
feature of our results. It is clear that different orbifold point groups produce different physics, as indeed, 
for the reasons just given, our results also illustrate. The point group must act as an automorphism of the 
lattice used, but it is less clear that realising a given point group symmetry on different lattices produces 
different physics. Our results indicate that different lattices may produce different physics, since, for 
example, the solutions with no antisymmetric (or symmetric) matter on either stack occur only on the 
ABB and BBB lattices, and we understand why any acceptable solutions without symmetric matter must 
also lack antisymmetric matter. The observation that the lattice does affect the physics suggests that other 
lattices are worth investigating in both the Zg and Zg orientifolds. In particular, since Zq can be realised 
on a G2 lattice, as well as on an SU (3) lattice, one or more of all three SU (3) lattices in the Zg case, 
and of the two on 2 case, could be replaced by a G2 lattice. We shall explore this avenue too 

in future work. 

The construction of a realistic model will, of course, entail adding further stacks of D6-branes c, d, .., 
with just a single brane in each stack, arranging that the matter content is just that of the supersymmetric 
standard model, the whole set satisfying (one of) the conditions d55l ... d62l and the corresponding condi- 
tion in (l65l ... (f72t for RR tadpole cancellation. In a supersymmetric orientifold RR tadpole cancellation 
ensures that NSNS tadpoles are also cancelled, but some moduli, (some of) of the complex structure mod- 
uli, the Kahler moduli and the dilaton, remain unstabilised. Recent developments have shown how such 
moduli may be stabilised using RR, NSNS and metric fluxes |22 23_ j24 25. 26|, and indeed Camara, 
Font & Ibanez l27l l28l have shown how models similar to the ones we have been discussing can be 
uplifted into ones with stabilised Kahler moduli using a "rigid corset". In general, such fluxes contribute 
to tadpole cancellation conditions and might make them easier to satisfy. In contrast, the rigid corset can 
be added to any RR tadpole-free assembly of D6-branes in order to stabilise all moduli. Thus our results 
represent an important first step to obtaining a supersymmetric standard model from intersecting branes 
with all moduli stabilised. 
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A Calculations of (i?, i^) {jf, j^) o i\) (jf , jl)' on the AAB lattice 

A.l {ui^, m"'*) = {n^^ , "^■3''') = (1) 1) mod 2 

As in M the fixed points involved are (if, if), = (56) and (jf ,if), = (14) or (56) 

(45)(16) o (45)(16)' = (45)(45) o (45)(45)' = 

= (-1)^« +^0+^2^771^ + + mln\ + (-l)^°+^(nf + + m^n^) + 

+ (-l)^i'+i(nfn^ + m^n^+n>^) + (-l)^f+^i(n^n^-m^m^)] (135) 

(45)(16) o (45)(45)' = (45)(45) o (45)(16)' = 



(_l)^«+^0+^2+^l + l2 



7127712 + 7772^2 + "iW2 + 



+ [(-1)"" + ' + (-l)"' + '](«2^2 + + m^77^)(-l)^l+-^ (77^77^ - 777>^) 



(136) 



A.2 {n°^^ , m^^) = (%'*, m3''') = (1, 0) mod 2 

In this case (if ,ii), (i5,i2) = (56) and (jf , jf), (j^jt) = (14) or (56), as in gO Consider first the 
exceptional brane 

(56)(14) = (-l)-o"{[_(n^ + 7n^) + (-l)-f 77^][6i + (-1)^^64]- 

- [77^ + (-l)-f7n^][ei + (-l)^2"e4]} (137) 

and its orientifold dual on the AAB lattice 

(56)(14)' = (-l)-0{[nf + 777f-(-l)-f77f][6l + (-l)-2^4]- 
- K-(-l)-l"(77^ + 777^)][ei + (-l)^2"e4]} (138) 

Since (772, 7712) = (1,0) mod 2 on this lattice 

(56) (14) = (ei + q) mod 2 (139) 
(56) (14)' = (ei + £4) mod 2 (140) 

(141) 

Likewise 



(56) (56) = (es + ee) mod 2 (142) 
(56) (56)' = (€5 + ee) mod 2 (143) 

(144) 

It follows that for all of the allowed exceptional branes in this sector 

(^?,^2)(i?,i2) ° (il^2)(jt,J2) = mod 8 (145) 
{^i,i2)Ui,jl) ° (^?,4)(i?,i2)' = mod 8 (146) 

The first of these may be verified from the results in ^6.21 using (712''', ?tt.2'*) = (1, 0) mod 2. Further, 
Al''' = 1 mod 2 and g = mod 2 in this sector. In fact, since A^'^Aq'^ = A'^'^'A'l''^, it follows 

that Aq''' = mod 4. Then Jab = mod 8 = /ab'- Hence, from dlOlt and (I102t . we see that 
a o 6 = mod 2 = a o b' and we cannot obtain the required odd intersection number from this sector. 
We therefore omit the calculations of (if, i2)(ji , if) ° (^i, 4)(Jii ^2)' "^^is sector. 



A.3 {n1, ml) = m^) = (1,0) mod 2, {n\, m\) = m|) = (1, 1) mod 2 

As in go = (56), (jf,j-f) = (14) or (56), and (i?,^) = (45), (j^jt) = (16) or (45). 

(56)(14) o (45)(16)' = (-1)"2 (56)(14) o (45)(45)' = 

= (-l)-2+-l(56)(56) o (45)(45)' = (-l)"^ (56)(56) o (45)(16)' = 



(-1)^0 



(nX + + n2"^2) + [(-1)"^" + (-l)"^1(™2n2 " "^^2) + 



+ 



(147) 



B Calculations of (zf , q) (jf , j^) o (^J, 4) (jf , j2^)' on the BAB lattice 

B.l (n"'^,m"'^) = (^3^,7713'') = (1,1) mod 2 

As in O (i?,i^), (i?,4) = (45) and (jfJI), (j^J^) = (16) or (45). 



(45)(16) o (45)(16)' = (45)(45) o (45)(45)' = 

= (-1)^0+^02 [m>^ - n^n^ + [(-1)^"+^ + (-l)^i+^](mfm^ + + m^n^) + 

+ (-l)^"+^i'(n^n^ + n^m^ + m^n^)] (148) 

(45)(16) o (45)(45)' = (45)(45) o (45)(16)' = 

= \m^m^2 - "2^2 [(-1)^"^^ + (-l)^i+^](m5m^ + + m^n^) + 



B.2 (n"' ,m"' ) = (ng' ,m^' ) = (1,0) mod 2 

As in go the relevant fixed points are (if, if), (i^ , 4) = (56) and (jf , j'f ), (i?, J^) 
follows from (I137t that, since (71-2, mg) = (1,1) mod 2 on this lattice 



and, using Table that 
Likewise 



(56) (14) = (ei + 64) mod 2 
(56)(14)' = (ei + 64) mod 2 



(56)(56) = (es + e6) mod 2 
(56) (56)' = (es + e6) mod 2 

Thus, as in ^6.21 for all of the allowed exceptional branes in this sector 

i^i,i2)ijiJ2) o (i?,4)(jt,J2') = mod 8 
{^i,i2){ji,jl) ° (^?,4)(jt, J2)' = mod 8 



(149) 

(14) or (56). It 
(150) 
(151) 



(152) 
(153) 
(154) 



(155) 
(156) 



Again, the first of these may be verified from the results of ^6.21 using (722' ,^2' ) = (1, 1) mod 2. 
Further, A'i'' 



that A^'^ = mod 4, and again /ab = mod 8 = /ab'- Thus, from dlOlt and (I102t . we see that 
a o 6 = mod 2 = a o 6' and, as before, we cannot obtain the required odd intersection number from 
this sector. 



1 mod 2 and A" 4 g = mod 2 in this sector. Since Al'^'A^''' 



A"/ A"/, it follows 



B.3 {n1, ml) = (n^, m^) = (1, 0), {n\, m\) = (n^, m|) = (1, 1) mod 2 

As in ^6.31 the relevant fixed points are the fixed points involved are {if, = (56), (jf , ) = (14) or 
(56), and = (45), (j^f^) = (16) or (45). 

(56)(14) o (45)(16)' = (-1)^2 (56)(14) o (45)(45)' = 

= (-1)^2 +-1(56) (56) o (45) (45)' = (-1)^2(56) (56) o (45) (16)' = 



(_l)-o+n?+i2 m>§ + + n%m\) + (-l)"i'+"i+^(m>^ - nfn^) + 



+ [(-1)^"+^ + (-l)^i+^](n^n^ + n'im\ + m%n\) 



(157) 



C Calculations of (^?, i"^ (j^, j^) o (zf , 4) (jf , on the ABB lattice 

The fixed points involved are the same as for the BAB (and the AAB) lattice. Although the change in 
lattice does affect the calculations of («i, i2)(ii lif) ° (^i> 4)(iii J2)'' it does so only trivially. From 
Table we see that the only difference between the BAB lattice and the ABB lattice is that there is an 
overall minus sign in the orientifold image of the exceptional branes. Thus, the results for this sector are 
trivially obtained by changing the overall sign for the calculations of {if, i2)(ii > if) ° (^i) 4)(Ji>i2)' 
^ Of course, this does not imply that the value a o 6' is also reversed in sign, since the contribution 
f^B' from the bulk branes is the same for both lattices. 

D Calculations of (i?, i^) {jl, j^) o (zj, i^) (jf , on the BBB lattice 

D.l {nf'^, mf'^) = (ng^, ^3''') = (1, 1) mod 2 

As in m (i?,if), {i\,il) = (45) and (jf ,j|), (jt,j1) = (16) or (45). 



(45)(16) o (45)(16)' = (45)(45) o (45)(45)' = 

= {-lyS+^h + + + [(-1)"" + (-l)"'](n^ri^2 " "^^2) + 

+ {-lY?+^i{m^m^2 + m^n^2 + ^^2) 

(45)(16) o (45)(45)' = (45)(45) o (45)(16)' = 



(158) 



(_l)-,?+-o+-2+-2 2 nfn^ + n^ml + m^nl + [(-1)^? + (-l)^i](nfn^ - m>^) + 



+ (-l)^i'+^i"(m>^ + mfn^ + n>^) 



(159) 



D.2 



/ a,b aJ 



aJ 



a,b 



) = (1,0) mod 2 



As in the relevant fixed points are {if, i^), {i\ , 4) = (56) and (jf , ), (jj, jt) 
follows from ( 11371 and TableQthat, since (n2, mg) = (0, 1) mod 2 on this lattice 

(56)(14) = (ei + e4 + ei + h) mod 2 
(56) (14)' = (ei + 64 + ei + €4) mod 2 



(14) or (56). It 

(160) 
(161) 
(162) 



Likewise 



(56) (56) = (es + ee + £5 + ee) mod 2 
(56) (56)' = (es + €& + h + ee) mod 2 



(163) 
(164) 
(165) 



Thus, as in ^A.2I for all of the allowed exceptional branes in this sector 



(^?,i^)0T,j1)o(i?,4)(jtjt) 



mod 8 
mod 8 



(166) 
(167) 



However, 3 = 1 mod 2 and A^'g = mod 2 in this sector, from which we can not conclude that either 
Jab or /ab' is mod 8. In this case, therefore, we must compute {if, i2)(ii > J2 ) ° (^i> ^2)' Oii it)'- 



(56)(14) o (56)(14)' = (-1)^2(56)(56) o (56)(56)' 



(_l)n?+n?+i2[i + (-i)-2+-2] 



+ [(-1)"^" + (-1)"^]K"2 + "^2^2 + ^X) + (-1)""+"^ (m^m^ - n^n^)] (168) 



(56)(14) o (56)(56)' = = (56)(56) o (56)(14)' 



(169) 



D.3 



(n", ml) 



{nl,mfj = (1,0), {n\,m\) = (n|,m|) = (1, 1) mod 2 



As in S I6.3I the relevant fixed points are the fixed points involved are {if, i^) = (^6), (ji , ) = (14) or 
(56), and (^5,4) = (45), (jt,^!) = (16) or (45). 

(56)(14) o (45)(16)' = (-1)"2 (56)(14) o (45)(45)' = 

= (-l)-2+-l(56)(56) o (45)(45)' = (-1)"' (56)(56) o (45)(16)' = 



-1)^6+^5+^2 



n^n^ - + [(-l)-i' + (-l)-i"](m>^ + m^n^ + n>^) + 



+ (- l)^i"+^i +1 {n'^nl + m'^nl + 



rrio 



(170) 



References 

[1] G. Aldazabal, L. E. Ibanez, F. Quevedo and A. M. Uranga, D-branes at singularities: A 
bottom-up approach to the string embedding of the standard model, JHEP 0008 (2000) 002 
|hep-th/0005067|. 

[2] D. Bailin, G. V. Kraniotis and A. Love, Searching for string theories of the standard model, 
Cairo 2001, High energy physics 29-49 hep-th/0108127 

[3] D. Berenstein, V. Jejjala and R. G. Leigh, The standard model on a D-brane, Phys. Rev. Lett. 
88 (2002) 071602 |hep-ph/0105042 1. 

[4] L. F. Alday and G. Aldazabal, In quest of 'just' the standard model on D-branes at a singularity, 
JHEP 0205 (2002) 022 |hep-th/0203129 1. 

[5] D. Bailin and A. Love, Non-minimal Higgs content in standard-like models from D-branes at a 
Z(N) singularity, Phys. Lett. B 598 (2004) 83 |hep-th/0406031 1. 

[6] N. Escudero, C. Munoz and A. M. Teixeira, Phenomenological viability of orbifold models 
with three Higgs families, hep-ph/05 12301 

[7] For a review, see D. Liist, Intersecting brane worlds: A path to the standard model?. Class. 
Quant. Grav. 21 (2004) S1399 |hep-th/0401156 1. 

[8] R. Blumenhagen, V. Braun, B. Kors and D. Lust, The standard model on the quintic, 
hep-th/02 10083 



[9] A. M. Uranga, Local models for intersecting brane worlds, JHEP 0212 (2002) 058 
| hep-th/0208014J . 



[10] L. E. Ibanez, F. Marchesano and R. Rabadan, Getting just the standard model at intersecting 
branes, JHEP 0111 (2001) 002 |hep-th/0105155J. 

[11] R. Blumenhagen, B. Kors, D. Lust and T. Ott, "The standard model from stable intersecting 
brane world orbifolds," Nucl. Phys. B 616 (2001) 3 |arXi v:hep-th/0 107138 |. 

[12] S. A. Abel, O. Lebedev and J. Santiago, Flavour in intersecting brane models and bounds on 
the string scale, Nucl. Phys. B 696 (2004) 141 ^hep-py0312157J . 

[13] R. Blumenhagen, B. Kors, D. Liist and T. Ott, Intersecting brane worlds on tori and orbifolds, 
Fortsch. Phys. 50 (2002) 843 ^hep-th/0112015J . 

[14] M. Cvetic, G. Shiu and A. M. Uranga, Three-family supersymmetric standard like models from 
intersecting brane worlds, Phys. Rev. Lett. 87 (2001) 201801 |hep- th/0107143J . 

[15] M. Cvetic, G. Shiu and A. M. Uranga, Chiral four-dimensional N = 1 supersymmetric type IIA 
orientifolds from intersecting D6-branes, Nucl. Phys. B 615 (2001) 3 |hep-th/0107166 1. 

[16] R. Blumenhagen, L. Gorlich and T. Ott, Supersymmetric intersecting branes on the type IIA 
T**6/Z(4) orientifold, JHEP 0301 (2003) 021 thep-th/0211059J . 

[17] G. Honecker, Chiral supersymmetric models on an orientifold of Z(4) x Z(2) with intersecting 
D6-branes, Nucl. Phys. B 666 (2003) 175 |hep-th/0303015 |. 

[18] G. Honecker, Chiral N = 1 4D orientifolds with D-branes at angles. Mod. Phys. Lett. A 19 

(2004) 1863 )hep-th/0407I8H . 

[19] G. Honecker and T. Ott, Getting just the supersymmetric standard model at intersecting branes 
on the Z(6)-orientifold, Phys. Rev. D 70 (2004) 126010 [Erratum-ibid. D 71 (2005) 069902] 
|hep- th/0404055] . 

[20] T. Ott, Catching the phantom: The MSSM on the Z6-orientifold, Fortsch. Phys. 53 (2005) 955 
|hep-th/0505274J. 

[21] R. Blumenhagen, V. Braun, B. Kors and D. Liist, Orientifolds of K3 and Calabi-Yau manifolds 
with intersecting D-branes, JHEP 0207 (2002) 026 |hep-t h/0206038 ] . 

[22] J. P. Derendinger, C. Kounnas, P. M. Petropoulos and F. Zwimer, Superpotentials in IIA com- 
pactifications with general fluxes, Nucl. Phys. B 715 (2005) 21 1 |h ep-th/04 1127 6 1. 

[23] S. Kachru and A. K. Kashani-Poor, Moduli potentials in type IIA compactifications with RR 
and NS flux, JHEP 0503 (2005) 066 [hep-th/041 1279 1. 

[24] T. W. Grimm and J. Louis, The effective action of type IIA Calabi-Yau orientifolds, Nucl. Phys. 
B 718 (2005) 153 |hep -th/0412277 1. 

[25] G. Villadoro and F. Zwirner, N = 1 effective potential from dual type-IIA D6/06 orientifolds 
with JHEP 0506 (2005) 047 [hep-th/050 3169 1. 

[26] O. DeWolfe, A. Giryavets, S. Kachru and W. Taylor, Type IIA moduli stabihzation, JHEP 0507 

(2005) 066 |hep-th/050516 0|. 

[27] P. G. Camara, A. Font and L. E. Ibanez, Fluxes, moduli fixing and MSSM-like vacua in a simple 
IIA orientifold, JHEP 0509 (2005) 013 |hep-th/0506066 1. 

[28] G. Aldazabal, P. G. Camara, A. Font and L. E. Ibanez, More dual fluxes and moduli fixing, 
,hep-ty 0602089. 



